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Abstract

We construct static, spherically symmetric traversable wormholes in the teleparallel version of
Rastall gravity, in which the divergence of the matter energy-momentum tensor is tied to the gradi-
ent of the torsion scalar, V, 0" = X9, T. Working with the non-diagonal “good” tetrad, zero tidal
force and a linear radial equation of state p, = wp, the field equations integrate exactly. The shape
function is obtained in closed parametric form; it reduces to the known power-law wormhole of gen-
eral relativity when the Rastall parameter ( — 0 and remains asymptotically flat for [(| < 1/2. By
contrast, the diagonal tetrad yields a geometry with a solid-angle deficit, which gives an independent
argument for the non-diagonal frame. Three exact results organize the physics: (i) the radial null
energy condition is insensitive to the Rastall term pointwise and is violated at the throat, as flaring
out demands; (ii) the strong-energy combination reduces identically to x(p + p, + 2p;) = —2(T,
so it holds everywhere for ( < 0; and (iii) the volume-integral quantifier takes the compact form
Iy = -2 froo spds with s = /1 — b/r, and decreases in magnitude as ( becomes more nega-
tive. Embedding diagrams, proper distance, anisotropy, hydrostatic equilibrium through a Rastall-
modified Tolman—Oppenheimer—Volkoff equation and tidal constraints are analysed. Negative cou-
pling reduces the exotic-matter budget near the throat and restores the strong energy condition, at
the cost of the tangential dominant energy condition close to the throat for ¢ < —0.1.

Keywords: Traversable wormholes; Rastall gravity; teleparallel gravity; torsion scalar; energy condi-
tions; exotic matter

1. Introduction

The idea of a spacetime bridge goes back to Flamm'’s reading of the Schwarzschild geometry [1] and to
the Einstein—Rosen construction [2], later recast by Misner and Wheeler in geometrodynamical language
[3]. The modern programme started when Morris and Thorne asked which static geometries a traveller
could cross in finite proper time without meeting a horizon or destructive tidal forces [4, 5]. Their answer
was a set of conditions on the shape and redshift functions that, through the Einstein equations, forces
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the matter at the throat to violate the null energy condition (NEC) [6, 7]. Scalar-field throats [8, 9],
phantom-energy sources [10, 11], thin shells [12, 13] and quantifiers that measure how much exotic
matter is needed [14] grew out of this observation.

A second line of work moved the problem into modified gravity, where additional geometric terms
can carry part of the burden of the flare-out condition. Wormholes have been studied in f(R) gravity
[15], in theories with curvature—matter coupling [16, 17], in hybrid metric—Palatini gravity [18], in
Einstein—Gauss—Bonnet type theories with dilaton [19] and in astrophysical settings such as galactic
halos [?]. Teleparallel gravity offers a different starting point. There the gravitational field is carried
by a tetrad and the curvature-free Weitzenbock connection, and the teleparallel equivalent of general
relativity (TEGR) differs from the Einstein—Hilbert action only by a boundary term [21, 22, 23]. Its
f(T) extensions [24, 25, 26, 27] have been used for wormholes by Bohmer, Harko and Lobo [28] and
by Jamil, Momeni and Myrzakulov [29], among others. A recurring lesson of that literature is that once
local Lorentz invariance is lost, the choice of tetrad matters, and the non-diagonal “good” tetrads of
Refs.[30, 31, 32] are preferred to the naive diagonal frame [33, 34]

Rastall proposed a different relaxation of general relativity (GR): the energy—momentum tensor
need not be covariantly conserved in curved spacetime, and its divergence may be proportional to the
gradient of the Ricci scalar [35, 36]. The resulting field equations contain a single extra parameter, and
their vacuum sector coincides with GR. The status of the theory has been debated. Visser argued that
Rastall gravity is a rearrangement of the matter sector of GR [37], while Darabi et al. replied that the
two theories are inequivalent once the matter content is fixed by physics rather than by bookkeeping
[38, 39]; see also Ref.[40]. Independent of that discussion, Rastall gravity has been used to model
neutron stars [41], black holes [42, 43, 44], scalar-field configurations [45], compact stars [46] and
wormbholes [47, 48, 49].

Saaidi and Nazavari combined the two ideas by replacing the Ricci scalar in Rastall’s postulate
with a function of the torsion scalar [50]. The resulting Rastall teleparallel framework has since been
applied to wormholes with a non-diagonal tetrad [51], to non-commutative wormhole sources [52], and
to anisotropic and dark-energy compact stars [53, 54, 55]. Teleparallel stellar models with non-linear
equations of state, built on the same field equations used here, were analysed in Ref.[56].

What is missing is a wormhole family in the linear theory (f(7") = T, h(T) = T) that is (a) exact,
(b) asymptotically flat, (c) continuously connected to the GR solution, and (d) explicit enough that the
role of the Rastall coupling can be assessed.

pling can be isolated analytically rather than read off from plots.

This paper provides such a family. With zero tidal force and the linear equation of state p, = wp,
the Rastall teleparallel equations reduce to a separable first-order equation whose solution we give in
closed parametric form. Sec. II reviews the framework, Sec. III derives the wormhole equations for
both tetrads, Sec. IV presents the exact solution, Sec. V analyses its physical properties, and Sec. VI
summarizes. We use G = ¢ = 1, signature (+, —, —, —) and k = 8.

2. Rastall teleparallel gravity

Spacetime indices are denoted by Greek letters and tangent-space indices by Latin letters. The metric is
built from the tetrad €', as [21, 56]

G = mjeiuejy, ni; = diag(1,—-1,—-1,-1), (1
with e = det(ei#) = /—g. The Weitzenbock connection
I, = e o€, 2)

is curvature-free and has torsion

Ts,=r%,-TI%, =¢° (Oue’, — ayeiu) . 3)
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The contorsion 1
K, = =5 (T, + T, = T,*") “)
relates the Weitzenbock and Levi-Civita connections through
Fa;w = Fa;w - KO;U/' (5)
With the superpotential
1
2

the torsion scalar is 7' = S’ ”T‘i‘w. It differs from the Ricci scalar of the Levi-Civita connection by a
local divergence,

S = 5 (B + 35Ty — 0Ty ©)

2
R=-T+B,  B=20,(cT%"), ™

up to convention-dependent signs [?], so the TEGR action

T
5= [ e [mm} ®)
2K
reproduces the Einstein equations. Varying with respect to the tetrad gives

G} = 2[6_1ei,,8a(eeip5p“°‘)
. ©)

+T0,S 1 + 155:@ — KO,
This is Eq. (11) of Ref.[56] written with k = 8. The tensor G,/ equals the Einstein tensor G,/*
identically, for any tetrad of the metric [21, 22]. Consequently, V,,©#" = 0, where V is the Levi-Civita
derivative, which coincides with the teleparallel derivative D, V* = 9,V# + (I — K KV)VA, and the
usual conservation law follows.

Rastall’s proposal replaces this conservation law by V,,0#" = A\0” R [35]. Following Refs. [50, 51],
its teleparallel counterpart ties the non-conservation to the torsion scalar,

V.0 = N h(T). (10)

We take the linear choice h(7T') = T, the direct analogue of Rastall’s original assumption. Consistency
of Eq. (10) with the Bianchi identity requires

G, + (T, =r0,, (= kA, (1D

so that © ;' — (¢/k)T'6}, is the conserved combination. The dimensionless Rastall parameter ¢ measures
the strength of the torsion-matter exchange, and ¢ = 0 returns TEGR, i.e. GR. Two remarks are in
order. First, since 7T is not a local Lorentz scalar, the term (T 5,’: depends on the tetrad, exactly as in
f(T) gravity; we return to this in Sec. IIl. Second, the relation between ~ and Newton’s constant is
renormalized in Rastall-type theories [47, 51]. All the results below are stated for the dimensionless
combinations k73 p, kr3py.+, so they do not depend on how that calibration is fixed. We restrict attention
to |¢| < 1/2, and the values used in the figures avoid the points ( = 1/4 and 1/6 at which the Newtonian
calibration quoted in Ref.[51] becomes singular.
For the matter sector we take an anisotropic fluid,

0, = (p + p)uyu” — pid,,

! (12)
+ (pr - pt)U,ﬂJ )

with u,ut = —v,v* = 1, so that ©," = diag(p, —pr, —pt, —pt)-
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3. Wormbhole geometry and field equations

We use the Morris—Thorne line element [4]

2
ds? = 22— YT g 2 002 (13)
T

1—b(r)/
where @ is the redshift function and b the shape function. Traversability requires: no horizon (& finite);
the throat condition b(r) = 7o with b(r) < r for r > rg; the flare-out condition (b — r¥’)/b? > 0,
which reduces to b'(rg) < 1 at the throat; and, for asymptotic flatness, b/r — 0 as r — oo [4, 6]. We
take &’ = 0, so that radial tidal forces vanish.

Two tetrads reproduce Eq. (13). The diagonal one,

¢, = diag (e‘l’, (1—b/r)"Y2, 1, rsin 9) : (14)

was used in Ref. [56]. The non-diagonal tetrad [30, 31, 57] rotates the spatial triad so that it is aligned
with the Cartesian axes at infinity; it is the frame used in the Rastall teleparallel literature [51, 55]. Writ-
ing e® = (1 — b/r)'/? and computing T from Eqs. (3) and (6) (we verified both results symbolically),

one finds o
2e~ 1
Tdiag = (2(1)/ + > s (15)
r r

Tho0d = 2‘;; (e‘m - 1) (eq>/2 1 27‘<I>'> . (16)

The first agrees with Eq. (20) of Ref.[56] and the second with Eq. (23) of Ref.[51]. It is convenient to
introduce
b0

o 0<s<l1. (17)
T

s(r) =
which vanishes at the throat and tends to one at spatial infinity. For &' = 0,

252 2(1 — 5)?

Tdiag = 7‘72’ Tgood = 2 (18)

r
The two scalars behave in opposite ways at the throat: Tgi,, vanishes there, while Tyo0q = 2/ r% is
maximal. With the non-diagonal tetrad the Rastall term is therefore felt most strongly exactly where the
geometry flares out. Since G,” = G,*, Eq. (9) gives, for &' =0,

b/
r
b
Kpr = =g = (T, (20)
b—rbt/
Kps = 53 CT. (21)

These relations already contain three statements that hold for any shape function. The Rastall term is
proportional to %, so it cancels in

rb —b b+ rb
k(p+pr) = 3 K(p+pt) = o3

(22)

The radial NEC is controlled by geometry alone: at the throat x(p + p,) = (b'(rg) — 1)/r3 < 0 by
flare-out, for every (. Rastall coupling cannot remove the exotic matter at the throat. It can change how
much is needed elsewhere, but only through the shape function it selects. Second, because p + p, + 2p;
vanishes identically in GR for ' = 0,

K (p+pr+2p0) = —2(T. (23)
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With the non-diagonal tetrad 1" > 0, so the strong energy condition (SEC) holds everywhere for ¢ < 0
and fails everywhere for ¢ > 0. Third, the conserved combination of Eq. (9) gives the Rastall-modified
Tolman—Oppenheimer—Volkotf (TOV) equation [51]

dp, 2 dT
_dp ¢dr _,

Sy S 24
o +T(pt Dr) o , (24)
—— ——
P, F, F;

where the gravitational force —®’(p + p,.) is absent for zero tidal force. The torsion gradient acts as an
extra force on the fluid.

4. Exact solution

Equations (19)—(21) contain four unknown functions. We close the system with the linear radial equation
of state

Pr = wp, (25)
widely used for phantom-supported wormholes [10, 11]. In GR it leads to the power law b = ro(r/r() —1/w,
Inserting Eqs. (19) and (20) into Eq. (25) and writing u = b/r = 1 — 52, we find, with the non-diagonal
tetrad,

du 1 2 w
a1 —vio } =_Y 26
"dr q [u + C( u) ’ =7 + w (26)
In terms of s the bracket factorizes as (1 — s)(A + Bs) with
A=1+2C, B=1-2¢, 27

and Eq. (26) becomes separable,

dr 2q sds 1 A
— = = — d 28
r (1—s)(A+ Bs) q[l—s A—FBS} s (28)
Integrating from the throat (s = 0, » = 1) gives the exact solution in parametric form,
r(s) _ B \ B
——=(1-98)"11+— 2
o ( s) < + 1 s> , (29)
b(s)=r(s) (1-s*), 0<s<Ll (30)

For ( = 0 one has A = B = 1, Eq. (29) reduces to r = ro(1 — s?)79, and Eq. (30) becomes b =
ro(r/ro)~'/“, the GR (TEGR) result. We checked symbolically and numerically that Eqs. (29)—(30)
satisfy Eq. (25) and the TOV equation (24) to machine precision.

3.5 02 1.0 o oe E 1.0 ——02
(=01 (=-01 (=-01
3.0F .. o (TEGR) R —.. ¢=0 (TEGR) 0.8 — .. ¢=0 (TEGR) T
C=+01 0.8F = —+01 1 C=+01
=25 =+ - (= — 0.6 P (=
= ¢=+02 = ¢=+02 e ¢=+02
:—? 2.0F = 0.6F =
1.5 : )
10 04 . oo
1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

Figure 1: Shape function b(r) (left), ratio b/r (middle) and &' (r) (right) for w = —2 and the indicated
values of the Rastall parameter (. Flare-out (b’ < 1) and asymptotic flatness (b/r — 0) hold for all
curves.
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Figure 2: Left: embedding profiles z(r) (both sheets) for w = —2. Right: embedded surface for { = 0.2,
r < 4rg.

c 02 0.0F . JLSL —_—— T T T o B
- (=01
.+ ¢=0(TEGR) -
¢=-+01

s ’ —_— =02 ¢=+02

E v:‘ ¢ g
o [
N3 2 . —— =01 2 7
0.2 W, R -1.0 —-- (=0 (TEGR) B
C=+0.1 X
R C=+02 0F —
1 2

Figure 3: Energy density p (left), radial pressure p, (middle) and tangential pressure p; (right), in units
of 1/(krd), forw = —2.

Traversability conditions. For w < —1 (phantom regime) we have ¢ > 1, and for |¢| < 1/2 both A
and B are positive, so dr/ds > 0 on (0,1) and the map s — r is one-to-one from [0, 1) onto [rg, 00).
The throat condition holds by construction and b < r for » > rg because s > 0. Differentiating,
b =u—(1-s)(A+ Bs)/q, hence

14+20)(14w)

V(rg) =1-— ( <1, (31)

so the throat flares out for every ¢ > —1/2. As s — 1, Eq. (29) gives 1 — 5 ~ (2/A)~A/B(r /ry)~1/4
and
b A/B —(14w)/w
bs (““) (7") _—) (32)
T 2 70

so the spacetime is asymptotically flat, with b o< 7~ /* as in GR but a (-dependent amplitude.
Throat values. From Egs. (19)—-(21),

1+2
o =~ 2 o = —(1420),

wr2p = (LF200+)

— 2. (33)

2w

The density at the throat is positive for w < 0 and ¢ > —1/2; the Rastall term rescales it by 1 + 2¢.
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Diagonal tetrad. Repeating the steps with 7., gives a linear equation whose solution is

bdiag (1) = 1%0% K;) —2¢ :0] ; (34)
s (2(—1)(14—&)).
w

For w < —1 one has m < 1, and then bgiag/r — —2(/(1 — 2¢) # 0. The geometry approaches
ds? >~ dt? — di? — (1 — k)72dQ? with k = —2¢ /(1 —2(), a solid-angle deficit (¢ < 0) or excess (¢ > 0)
of the global-monopole type [58]. Any { # 0 spoils asymptotic flatness in the diagonal frame, while
the non-diagonal frame preserves it. This gives a physical reason, in addition to the formal one [30], to
work with the non-diagonal tetrad, and we do so from here on.

5. Physical properties

0.0} ' ] 0.8 ' L — 2 L I I I I 1
- o1 0.0 [T
—~ _0.2 // | —~ 0.6 —-- ¢=0(TEGR) | = _0.2 /
= ‘4 Y ¢=+01 =
+ - + =402 | —0.4 _-/
= _oalf — (=02 = 04} i « — (=-02
N g (=—01 g 52 I (=-01 |
] —.. (=0 (TEGR) g ozt | g 0.6 —.. (=0 (TEGR)
—0.6 ¢=+01 1 ' —0.8+ ¢=+0.1
(=402 e — c=+02
08 s ‘ . . 0.0 , . . 1.0 . . .
1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
r/rq r/ry r/ro
06} — (=02 ] 1ol — =02 i 1.25 —_— (=02 |
c=-01 — . €=-01 c=-01
=~ 04l —.. (=0(TEGR) | & —.. ¢=0(TEGR) 1.00 —.+ (=0(TEGR) {
= (=401 + 05 =401 1 ¢=+01
I o2 c=+02 | & ¢=+02 f]: 0.75 ¢=+02
= - + |~ S b
2 . 5 00 < 0s0F 1
¥ oof ———eed 52
2 —05f E 0.25
0.2 . e
. ! | 1 ! 1 . . 0.00 b 1 . ! T i
1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
/7y r/rg r/ro
Figure 4: Energy-condition combinations and anisotropy A = p; — p, in units of 1/(x73), for w = —2.

The middle-lower panel equals —2(r3T identically [Eq. (23)].

We fix w = —2 and take ¢ € {—0.2,—0.1,0,0.1,0.2}; the effect of w is examined at the end of this
section. All quantities are shown in units of rq.

5.1. Shape function and embedding

Figure 1 shows that all members of the family satisfy the requirements, b(r) grows monotonically from
70, b/r decreases from one towards zero, and &’ < 1 throughout. Negative ¢ raises b at fixed r and makes
the throat less sharply flared, in agreement with Eq. (31), which gives b'(rg) = (1 — 2¢)/2 for w = —2.

The equatorial slice ¢ = const, # = 7/2 embeds in Euclidean space as z(r) with dz/dr = +(r/b —
1)*1/ 2. The integrand diverges at the throat, but in the variable s it is regular:

dz  2qr(s)V1—s? ar 2qr(s)
ds  (1—s)(A+Bs) ds (1—s)(A+Bs)

(35)

where ¢ is the proper radial distance, d¢ = dr/s. Both are finite everywhere, so ¢ is finite between any
two radii and the throat is crossed in finite proper distance. Figure 2 shows the two-sheeted profiles

J Comp Math Phy, 2026, Vol: 1, Issue: 2, Pages: 1-14 7



Journal of Computational Mathematics and Physics

Table 1: Throat quantities for w = —2 [Egs. (31), (33), (23)], the volume-integral quantifier [, of
Eq. (36) for two cut-off radii, and the maximum crossing speed vpax of Eq. (37) for rg = 1 km.
Densities and pressures are in units of 1/(xr3).

¢ —0.2 —0.1 0 0.1 0.2
b (ro) 0.700 0.600 0.500 0.400 0.300
00 0.300 0.400 0.500 0.600 0.700
Pro —0.600 | —0.800 | —1.000 | —1.200 | —1.400
Pto 0.550 0.400 0.250 0.100 | —0.050
(p+pt)o 0.850 0.800 0.750 0.700 0.650
(p+pr+2p)o | 0.80 0.40 0.00 —0.40 | —0.80
Iy (2r9) /70 —0.346 | —0.383 | —0.414 | —0.442 | —0.467
Iy (5r9) /10 —1.167 | —1.206 | —1.236 | —1.260 | —1.280
Umax (Ms™1) 5718 4952 4429 4044 3744
Table 2: Status of the energy conditions for w = —2 on r > rqo (v': satisfied everywhere; x: violated
everywhere; “= (0”: saturated at the throat and satisfied beyond it).
Condition —0.2 —0.1 0 0.1 0.2
p=>0 v v v v |V
p+pr >0 X X X x | x
p+p =0 v v v v |V
p > |pr| X X X X | X
p > |ptl r2>137r¢ | =0 v v IV
p+pr+2p >0 v v | =0 x | x
A>0 v v v v |V

and a three-dimensional rendering for ( = 0.2. Negative ( opens the funnel more slowly, which is the
embedding counterpart of the larger b(r) in Fig. 1; the proper distance to a given r grows accordingly
(Fig. 6, right).

5.2. Matter content and energy conditions

The energy density and pressures are plotted in Fig. 3. The density is positive and decreases monotoni-
cally outward, with p r31/w gt large r. The radial pressure is negative, as required by p, = wp with
w < 0. The tangential pressure is positive except in a thin layer near the throat for the largest positive
coupling: Eq. (33) gives krap = (1 + 2¢)/4 — 2¢ for w = —2, which turns negative for ¢ > 1/6.

The standard pointwise energy conditions are [6]: NEC, p + p; > 0; WEC, p > 0 together with
the NEC; DEC, p > |p;|; SEC, p +p; > 0 and p + p, + 2p; > 0, with ¢« = r,¢. Figure 4 and
Table 2 summarize their status. The radial NEC, and therefore the WEC, is violated throughout, with
k(p+pr) = (1+w)kp < 0, in line with the general statement after Eq. (22). The tangential NEC holds
everywhere, so the exotic character is confined to the radial direction. The radial DEC fails because
|w| > 1. The tangential DEC is the one condition that discriminates between signs of (: for ( = —0.2
the throat value x7¢(p — |pt|) = —0.25, and the condition is restored only for r > 1.3770; for ( = —0.1
it is saturated at the throat and holds beyond it; for ¢ > 0 it holds everywhere. The SEC behaves in
the opposite way, following Eq. (23) exactly: it is satisfied for ¢ < 0, marginal in TEGR, and violated
for ¢ > 0. The anisotropy A = p; — p, is positive everywhere (lower-right panel of Fig. 4), so the
anisotropic force is repulsive and points outward.

J Comp Math Phy, 2026, Vol: 1, Issue: 2, Pages: 1-14 8
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S (=09, w=—2
2R ! = Jf : :
' — R L
il \\ \_‘ 0 L s
L, S YF o
0 mna =0
V' - g .
/ ol —=
. —-af e TF
1 2 3 4 5 6 1 2 3 1 L .

r/To r/m

Figure 5: Hydrostatic (F},), anisotropic (Fy,) and Rastall (F¢) forces of the modified TOV equation (24),
in units of 1/(kr), for ¢ = —0.2 (left) and ¢ = 0.2 (right); the dotted line is their sum.

5.3. Equilibrium

Figure 5 shows the three forces of Eq. (24) for ( = F0.2. The anisotropic force F, is positive and the
hydrostatic force F}, negative, since p, increases outward toward zero. The Rastall force F; = —((/k)T"
has the sign of ¢, because 77 < 0: for ( = —0.2 it reinforces F}, against F,, while for ( = 0.2 it acts
with Fy, and the hydrostatic gradient must be steeper to compensate. In both cases the sum vanishes to
within the accuracy of the numerical derivative, about 10~®, which confirms that the solution obeys the
modified conservation law (10).

2.0 ' — =02 ' 1 0.0 — =lr ] 20 [ — =02
——- =01 ——- (=01 ——- (=-01

.+ ¢=0(TEGR) . -0.5F —.- (=0 (TEGR) | —-- ¢=0(TEGR)
¢=+01 (=401 15 ¢=+01

¢=+02 | £ -10¢f C=+02 £
diagonal tetrad, ¢=0 = % 10F
—15F
5 -
.......... -2.0 ]
S " » ] ol
4 5 6 2 4 6 8 10 2 4 6 8 10
r/To afry r/To

Figure 6: Left: torsion scalar for the non-diagonal tetrad and, for comparison, for the diagonal tetrad at
¢ = 0. Middle: volume-integral quantifier Iy as a function of the cut-off radius a. Right: proper radial
distance ¢(r) from the throat. All forw = —2.

5.4. Amount of exotic matter

The volume-integral quantifier [14] measures the total NEC-violating matter within a radius a. Using
Eq. (22) and &’ —b/r = —(1 — s)(A+ Bs)/q together with Eq. (28), the integrand collapses to a simple

form:
Iy(a) = j[(p'f‘pr)dv :/ (b’ — b> dr
. o (36)
= —2/ r(s) sds.
0

In TEGR this integrates to Iy = (14 w) 79 [(a/ro)_l/‘*’ — 1], which we used as a check of the numerics.
Iy vanishes as a — 7y, so the exotic matter can be made arbitrarily small by cutting the solution close
to the throat. Figure 6 (middle) and Table 1 show that |Iy/| decreases as ( becomes more negative: at
a = 2rq the reduction from TEGR is about 17% for ( = —0.2, while { = 0.2 increases it by about 13%.
The effect weakens at large a, where all curves follow the common power law of Eq. (32). Because
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bocr /e grows without bound, I diverges as a — oo for this family, as for its GR limit; a finite total

requires matching to an exterior. In Rastall teleparallel gravity with ( # 0 the Schwarzschild metric
is not a vacuum solution with the non-diagonal tetrad, since its torsion scalar, does not vanish, so the
exterior must be constructed within the theory. We leave this to future work.

1.5F T T T L;:—LE_
w=-2.0
—_— w=-30
1.0 w=—5.0"]
<
=
'3
0.5F b
ool \\.\V‘?‘.‘.—'
1 2 3 4 5 6

Figure 7: Dependence on the equation-of-state parameter at fixed ( = 0.1: b/r (left), energy density
(middle) and anisotropy (right).

5.5. Dependence on the equation of state

Figure 7 fixes ( = 0.1 and varies w. A more negative w makes b/r fall faster, consistent with b/r o
r~(1+w)/@ "and lowers the throat density xr2pg = (1 + 2¢)/|w|. The anisotropy is almost independent
of w away from the throat. Near the phantom divide, w — —17, the exponent (1 + w)/w — 0, so b/r
decays arbitrarily slowly and the throat region extends over many rg; values of w well below —1 give
more compact wormholes.

5.6. Traversability

With @ = 0 the radial tidal acceleration vanishes, and the lateral constraint of Morris and Thorne [4]
for a traveller of size |n| ~ 2 m reads y2v2|b’ — b/r||n|/(2r?) < ge. It is most restrictive at the throat,
where |V — b/r| = (1 4+ 2¢)(1 4+ w)/w, giving

206 w 1/2
Y < 1o (37)
Inl(1+20)(1 +w)
For rp = 1 km and w = —2 this allows non-relativistic crossings at a few kms~! (Table 1), with negative

¢ permitting faster passage because the throat is less sharply curved.

6. Conclusions

We have obtained an exact family of static traversable wormholes in Rastall teleparallel gravity with
linear Rastall function, zero tidal force and the equation of state p, = wp. The solution, Eqs. (29)-(30),
is written in terms of s = /1 — b/r, reduces continuously to the power-law wormhole of GR at { = 0,
and satisfies the throat, flare-out and asymptotic-flatness conditions for w < —1 and |¢| < 1/2. The
main conclusions are:

1. The tetrad choice has observable consequences. With the diagonal tetrad any non-zero Rastall
coupling produces a solid-angle deficit or excess at infinity, whereas the non-diagonal tetrad keeps
the solution asymptotically flat.

2. Because the Rastall term is isotropic, it drops out of p + p, and p + p;. Violation of the radial
NEC at the throat is therefore unavoidable for every (; the coupling acts only through the shape
function it selects.
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3. The strong-energy combination equals —2(7"/k exactly, so negative coupling makes the SEC hold
everywhere, a property the GR solution has only marginally.

4. Negative ( reduces the volume-integral quantifier near the throat, relaxes the lateral tidal con-
straint, and lengthens the proper distance to a given radius. These gains come with a violation of
the tangential DEC in a finite region around the throat for ¢ < —0.1.

5. The Rastall force —({/x)T" enters hydrostatic equilibrium on the same footing as the pressure
gradient and the anisotropy, and the three balance exactly.

Natural extensions include a non-zero redshift function, non-linear h(7") or f(7T), construction of an
exterior vacuum solution of Rastall teleparallel gravity for matching, and dynamical stability under
radial perturbations.
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